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Finite Element MethodAbstract The elastic shear buckling behavior of tapered plates with circular opening under shear
stress has been studied numerically. Also, different aspect ratios and tapering ratios are studied
numerically. Several values of circular opening diameters are considered in this study. In addition,
tapered plates without openings are studied numerically for the different aspect ratios and tapering
ratios to obtain the critical shear buckling under pure shear stresses. The boundary conditions of
the studied plates are considered to be simply supported. The ﬁnite element method by ANSYS
software is performed to simulate the behavior of the tapered plate. Results obtained from the elas-
tic buckling analysis show that the small opening diameter has no signiﬁcant effect on the critical
shear loads. While the variation of tapering ratios give a minor effect on the critical shear load
ratios, this is for large aspect ratios. In addition, the critical shear load ratios increase when the
tapering ratios increase. Based on the results, proposed expressions for calculating the critical shear
loads are presented for the tapered plates with and without openings. The proposed expressions
show a good agreement with the results obtained from the elastic buckling analysis and are on
the conservative side when compared with the numerical results.
ª 2015 The Author. Production and hosting by Elsevier B.V. on behalf of Housing and Building National
Research Center. This is anopenaccess articleunder theCCBY-NC-NDlicense (http://creativecommons.org/
licenses/by-nc-nd/4.0/).Introduction
Steel tapered plate girders are introduced in many construc-
tions as a cost effective alternative to rolled beams, especially
in large spans and under heavy loads. The behavior of a plategirder is as typical as that of an I-shaped section, where the
deep web carries most of the shear force while the ﬂanges
carry the moment. The web of the plate girder may be quite
slender and in this case it may happen to be prone to shear
buckling.
The problem in the plate girders with large web openings is
stability under shear force which is of particular interest for
steel structures, particularly bridges and offshore platforms
for oil and gas production due to space limitations.
Openings are often unfavorable in webs of steel beams and
plates, due to redistribution of shear stresses with signiﬁcant
reduction in the stability when compared to webs without
openings. Narayanan [1] and Carlo et al. [2] study plate girders
Fig. 1 Tensile and compressive stresses subjected to pure shear
force.
Critical buckling load of tapered plate 297with web openings and they show that the openings located in
the high shear zone failed at loads signiﬁcantly lower than
those located in high moment zones. In addition, the ultimate
shear load increases when the openings are far from the com-
pression zone. Hagen et al. [3], developed a design model for
the shear capacity of steel girders containing an opening in
web, with and without transverse stiffeners and opening
reinforcements, under pure shear stress. The results show that
the presence of a web opening causes loss in strength, due to
lack of the resistance in web panel against out of plane defor-
mation, which is concluded by Hamoodi and Abdul Gabar [4].
Mirambell et al. [5], study experimentally and numerically four
tapered steel plate girders. The effect of the geometric parame-
ters and structural imperfection on ultimate shear strength are
studied numerically. The results show that additional research
of the Resal effect (vertical component of axial force in
inclined ﬂange) and its inﬂuence on the ultimate shear strength
for tapered panels are needed. Several studies, such as Sweedan
[6], investigate the elastic lateral buckling stability of simply
supported cellular (circular opening) steel beams numerically.
While Sonck et al. [7], study the instability of the cellular beam
under uniform bending and compression. Real et al. [8],
develop a new complete design method for stainless steel plate
girders that are subjected to shear load in order to achieve a
more efﬁcient design of these structural elements. These
expressions take into account the effects of the material non-
linearity and the actual boundary conditions of the web panel
in the shear buckling coefﬁcient. In addition, Real et al. [9],
present new expressions based on the experimental results of
stainless steel plate girders for determining the buckling shear
stress. While Safar [10], proposes new design rules for shear
strength of end web panels including tension-ﬁeld action by
numerical analysis.
The elastic shear buckling strength has been widely studied
for prismatic and tapered plate girders, but in the author’s
knowledge, there is a lack in theoretical and experimental
investigations for the elastic shear buckling response of tapered
steel plate girders with a web opening. Although the idea of
real boundary conditions at the juncture between web and
ﬂanges is somewhere between simply supported and ﬁxed
supported, the boundary condition has been arbitrarily and
conservatively assumed as simply supported. This is mainly
due to the lack of means to evaluate it in a rational manner
as stated by Estrada et al. [11]. In addition, any increase in
shear load will be supported by a tensile membrane ﬁeld,
anchored to the boundaries. Thus, the top and bottom ﬂanges
and the adjacent stiffener members on either side of the web
cause an increase in the shear capacity of the web called
‘‘post-buckling’’. Thus, the effect of the ﬂanges in the shear
stress at the pre-bucking stage doesn’t show.
In this study, the elastic buckling of tapered plate with
circular opening is conducted using the ﬁnite element
method to investigate the critical shear stresses of the end
panel plate. The ﬂanges are neglected for simplicity,
although, this assumption gives a lower bound result and
may be conservative. Mathematical expressions for calculat-
ing the shear strength of a tapered plate with circular open-
ing will be proposed based on the numerical elastic
buckling analysis. In addition, the mathematical models
for calculating the pure shear stress of a tapered solid plate
will be proposed.Critical shear buckling forces and stresses
A thin plate in shear is a simple representation of the dominant
loading case in a slender web panel of a plate girder and can be
regarded as a combination of the principal tensile and com-
pressive, in-plane stresses, as shown in Fig. 1. The compressive
component ﬁnally causes buckling, while the tensile
component tends to restrain buckling. The ﬁrst to obtain the
elastic shear buckling strength of a rectangular plate were
Timoshenko and Gere [12] and is as follows:
Vcr ¼ ðd tÞ  k p
2E
12ð1 m2Þ
 
 t
d
 2
ð1Þ
where E is the modulus of elasticity, m is Poisson’s ratio, t and d
are the thickness and the depth of the plate, respectively. The
coefﬁcient k, known as shear buckling coefﬁcient, depends
upon the boundary conditions (simple or ﬁxed) and the aspect
ratio of the web panel, L/d, where L is the distance between
two adjacent transverse stiffeners. For a simply supported
plate, the coefﬁcient k deﬁned as follows:
k ¼ 5:34þ 4ðL=dÞ2 for L=d > 1
k ¼ 4þ 5:34ðL=dÞ2 for L=d 6 1
ð2Þ
The effect of side inclination of a tapered plate on the shear
buckling strength is established by Williams and Harris [13].
They show that the vertical component of the shear force
applied to the inclined side of the plate, which is obtained from
the normal stress, adds to the shear force restrained by the web
to obtain the web total shear strength. The method for
calculating the total shear strength for the applied load and
the vertical component of the shear strength applied to the
inclined side will be discussed in Eqs. (3)–(7). Assume a tapered
plate with dimensions as shown in Fig. 2, the load is applied to
the short depth of the plate. The obtained maximum straining
actions are shear (Vw) and bending (M), at the deeper section
of the tapered plate. The normal stress distribution on the
plate is shown also in Fig. 2. The tension and compression
forces applied to the plate through the thickness obtained from
the normal stress distribution are as seen in Eq. (3):
T ¼ C ¼ 1
2
 d hl
2
 
 t ð3Þ
Fig. 2 Forces and stresses due to side inclination.
Table 1 Comparison between Vcr by Timoshinko & Gere [12]
and ANSYS [14].
a= L/d Vcr kN
[Timoshinko
& Gere] [12]
Vcr kN
[ANSYS]
[14]
Vcr;Timoshinko&Gere
Vcr;ANSYS
1 142.5519 142.9459 0.9972
1.1 131.9564 130.9187 1.0079
1.2 122.1001 122.3906 0.9976
1.3 117.6261 116.2414 1.0119
1.4 111.4164 111.7517 0.9970
1.5 108.6352 108.4398 1.0018
1.6 106.8376 105.9722 1.0082
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2 Ipl ð4Þ
where d is the maximum normal stress, which is deﬁned by
Eq. (4), hl and Ipl are the plate depth at the deeper section
and the second moment of inertia about the strong axis, at
the considered section, respectively. The bending moment
(M) equals to VwxL.
The shear force, parallel to the inclined side, F is deﬁned by
Eq. (5) and its vertical component is deﬁned by Eq. (6); as
follows:
F ¼ T secðhÞ ð5Þ
Vt ¼ T tanðhÞ ¼ 3
2
 Vw  L
hl
 tanðhÞ: ð6Þ
Then the total critical shear strength is as shown in Eq. (7).
Vcr ¼ Vw þ Vt ð7Þ
The previous discussion illustrates that the force applied to
the inclined side of the tapered plate, increases the total shear
force on it.
Veriﬁcation study
Numerical elastic buckling analysis is conducted by the soft-
ware package ANSYS [14], for the simply supported rectangu-
lar plate in order to ﬁnd the buckling shear load. The buckling
shear load can be determined using a linear stability analysis.
The determination of the buckling load by linear stability
analysis is carried out by constructing a linear elastic stiffness
matrix and the geometric stiffness matrix. The buckling stage
has been deﬁned as the proximate displacement that has
started to grow indeﬁnitely. At this stage, the total stiffness
must be singular or the determinant of the total stiffness
matrix must vanish. It is well known that the elastic buckling
analysis is based on the determination of the buckling load
through the resolution of the eigenvalue problem. The ﬁrst
eigenvalue corresponds to the elastic critical load, while the
eigenvector deﬁnes the corresponding deformed shape.
The numerical results which are obtained from the elastic
buckling analysis are veriﬁed by the classical closed form solu-
tion established by Timoshinko and Gere [12], which is shown
in Eqs. (1) and (2). The mechanical properties of the steel plateare E= 2.11 · 105 MPa and m= 0.3. The dimensions of the
rectangular plate are 800 mm in depth and with an aspect ratio
ranging from 1 to 1.6. Several mesh conﬁgurations are con-
ducted in this study. The chosen mesh size is 10 · 10, which
is veriﬁed by the results obtained from [12] and is shown in
Table 1.
Pure shear stress of tapered plate
A ﬁnite element model is developed to simulate the behav-
ior of the tapered plate under pure shear stress by elastic
buckling analysis. Modeling is conducted using the general
purpose ﬁnite element software package ANSYS [14].
Geometrical details of analyzed plate are simulated using
four-node shell element (SHELL181). This element has six
degrees of freedom at each node, which enables explicit
simulation of various buckling deformations. In addition,
SHELL181 is suitable for modeling thin to moderately
thick shell structures.
A uniformly distributed load is applied along each side of
the tapered plate in such a way that the plate is subjected to
pure shear. The tapered plate is supported at both corners
on the right side, as shown in Fig. 1. The plate is restrained
at the bottom corner horizontally and vertically, but it is free
to rotate. The top corner of the plate is restrained horizontally,
but it is free to move vertically and rotate. All four sides of
the tapered plate are restrained in the out-of-plane direction.
The relation between the tapering ratio (b), which is ðhs=hlÞ
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Fig. 3 Critical shear load for tapered plate vs. tapering ratio.
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Critical buckling load of tapered plate 299and the critical shear load (Vcr) is illustrated in Fig. 3, for a
plate aspect ratio ranging from 1 to 1.5. For small aspect ratio,
1 and 1.1, the critical shear load increases with the tapering
ratio. For other aspects ratios, the critical shear load decreases
when increasing the tapering ratio, because the slenderness
ratio is not uniform along the plate length. For a tapering ratio
of 0.5, the critical shear load has, approximately, the same(a) β =1 
(b) β =0.5 
Fig. 4 Out-of-plane deformed shape for a= 1.
(b) β =0.5 
Fig. 5 Out-of-plane deformed shape for a= 1.5.values for all the studied aspect ratios. The critical shear buck-
ling load decreases with the increase of the aspect ratio. As
mentioned by Williams & Harris [13] and Trahair et al. [15],
when the plate length increases, the critical shear buckling load
decreases. In addition, the diagonal buckling is due to
compression causes waves which are parallel to the tension
direction. Then, as the number of waves increases the aspect
ratio increases.
Figs. 4 and 5, show the out-of-plane deformed shapes, for
tapering ratios 0.5 and 1. These ﬁgures clarify that, for small
aspect ratio, only one wave occurs due to the compression
diagonal. For the larger aspect ratios, more than one wave
occurs, as shown in Fig. 5b, (b= 0.5), but with different
amplitudes.
Proposed expressions for tapered plate under pure shear stress
As discussed previously, the critical buckling stress is studied
for a rectangular plate under pure shear stress and the tapering
ratio is not included in Eq. (2). So, two alternatives will be pre-
sented in this section for calculating pure shear stress, based on
the numerical elastic buckling analysis.
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and proposed Eq. (10).
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Fig. 8 Comparison between the shear stress obtained from
ANSYS and proposed Eq. (8).
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A new proposed expression for calculating pure shear stress
for tapered plate is performed. The shear buckling coefﬁcient
that is obtained from the elastic buckling analysis for aspect
ratio (b) ranging from 0.5 to 1.0 is shown in Fig. 6. The critical
shear stress of the tapered simply supported plate is
determined according to Eq. (8), but the largest depth is used
in this equation. Ktapered is the shear buckling coefﬁcient for
tapered plate and calculated by Eq. (9).
scr;tapered ¼ ðKtaperedÞ  p
2E
12ð1 t2Þ
t
hl
 2
: ð8Þ
Ktapered ¼ 5:34þ 4a2
 
 fG: ð9Þ
The coefﬁcient fG is called the geometric coefﬁcient, which
takes into account both the geometric properties of tapering
ratio and aspect ratio, as shown in Eq. (10). Finally, the critical
shear load for tapered plate under pure shear stress is calcu-
lated by Eq. (11).
fG ¼
1
b3:2bð1bÞ
þ 2ð1 bÞ  ða 1Þ0:85
h i
: ð10Þ
Vcr;tapered ¼ scr;tapered  ðhs  tÞ ð11Þ
where a ¼ L=hl (aspect ratio).
A comparison between the results obtained from the elastic
buckling analysis and those proposed by Eq. (10) are per-
formed as illustrated by Fig. 7. The comparison shows an
excellent agreement between the results obtained from the elas-
tic buckling analysis and those obtained from the proposed
expression Eq. (10). In addition, a comparison between critical
shear stress obtained from the elastic analysis and those
obtained from proposed Eq. (11) are performed to validate
the accuracy of the proposed geometric coefﬁcient (fG), as
shown in Fig. 8. The comparison shows an excellent agreement
between the results obtained from elastic buckling analysis and
those obtained from the proposed expression.
Second alternative
An alternative expression is proposed to calculate the
geometric coefﬁcient fG, as shown in Eq. (12). The alternative0
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Fig. 6 Shear-buckling coefﬁcient of tapered plate under pure
shear.
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Fig. 9 Comparison between the geometric coefﬁcient by ANSYS
and alternative proposed Eq. (12).proposed expression has less agreement with the results
obtained from the elastic buckling analysis, when compared
to those obtained from Eq. (10), this is illustrated in Fig. 9.
The comparison between the critical shear stress obtained from
the elastic analysis and those that are calculated by using Eq.
(12) show that the results calculated by Eq. (12) are on the
un-conservative side by a range that does not exceed 3.5%.
While the critical shear stresses that are obtained from
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Fig. 10 Comparison between the shear stress obtained from
ANSYS and by the proposed Eq. (12).
Critical buckling load of tapered plate 301Eq. (10) are on the conservative side by a range that does not
exceed 2%, as shown in Fig. 10. The second alternative expres-
sion is more simple than the ﬁrst one, and it can be suggested
as a quick expression for critical shear stress calculations.
fG ¼
1
b0:8
 1þ 4
3
ð1 bÞ  ða 1Þ
 
ð12Þ=1
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Fig. 12 Relation between critical shear load ratio and circular
hole diameter to average depth ratio a= 1.0.Critical shear stress of tapered plate with circular opening
The main objective of this study is to investigate the critical
shear strength of the end panel tapered plate with a circular
opening. Numerical computations are conducted for the sim-
ply supported tapered plate with a circular opening. Each plate
is characterized by its length (L), largest height (hl), smallest
height (hs), plate thickness (t) and opening diameter (dh), as
shown in Fig. 11.
As mentioned by Carlo et al. [2] the location of the opening
has a great effect on the critical shear loads especially, when
the opening is located in the compression zone. Therefore, in
this study, the opening is at the center of the plate area to
avoid any fabrication errors. The mesh size is the same as in
the veriﬁcation analysis. The largest depth of the plate is
800 mm and its thickness is 4 mm in all studied cases. The
aspect ratios (a) are ranged from 1 to 1.5, while the tapering
ratios (b) are ranged from 0.5 to 1.0. The ratio of the circularFig. 11 Dimensions and boundary condition of the circular
opening tapered plate.opening diameter (dh) to the average depth (hav) is considered
to be 0 through 0.81. Zero here means no holes in the plate.
Loads and boundary conditions
The ﬁnite element model is considered a simply supported
plate loaded as shown in Fig. 11. The load is distributed as
vertical nodal forces along the plate smaller depth to avoid
stress concentration. While the nodes at the largest depth are
restrained in the horizontal and vertical directions, but the
rotation is free. Each side of the plate is restrained in the out
of-plane direction.
Discussion of results
The results obtained from the elastic buckling analysis for the
simply supported tapered plate with circular opening will be
discussed in this section. The critical shear load ratio, which
is the critical shear load of the tapered plate with circular
opening to the critical pure shear load of tapered plate
without opening, is plotted on the vertical axis, as shown in
Figs. 12–14. The critical pure shear load of tapered plate is
calculated according to the proposed Eqs. (9)–(11). While the=1.2
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Fig. 13 Relation between critical shear load ratio and circular
hole diameter to average depth ratio for a= 1.2.
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Fig. 14 Relation between critical shear load ratio and circular
hole diameter to average depth ratio for a= 1.5.
302 B.L. Gendyratio between the circular opening diameters to the average
depth of the tapered plate, is plotted on the horizontal axis
of these ﬁgures. The results show that the critical shear load
ratio is constant for small openings, while for larger opening,
the critical shear load ratio decreases with the increase in the(a) 
(b)
Fig. 15 Out-of-plane deformed shape for dh/hav = 0.opening diameter, due to a lack of the plate cross section. In
addition, it is shown that an increase of the slope of the
inclined edge leads to higher values of the critical shear load
ratio. This increase is due to the added vertical component
of the tension force on the inclined side, as discussed pre-
viously in Section ‘Critical shear buckling forces and stresses’.
In addition, the critical shear ratio decreases as the aspect ratio
increases, according to the number of diagonal compression
waves, as mentioned by Williams & Harris [13]. For aspect
ratio 1.5, the effect of the opening diameter does not exist on
the critical shear ratio, when (dh/hav) is less than 0.285. The
same is for the aspect ratio a= 1.2, as shown in Fig. 13.
For range of (dh/hav) greater than 0.285, the same behavior
is discussed for a= 1 and 1.2. Figs. 15–17, show the out-of
plane deformed shape of the circular opening tapered plate
for aspect ratio 1 and 1.5 and (dh/hav) of 0, 0.125 and 0.5.
For solid tapered plate and those which have small openings,
the maximum out-of-plane deformation occurs at the upper
left corner, at the maximum compression diagonal. When the
circular opening diameter increases, the maximum deforma-
tion moves to the perimeter of the circular opening, which is
known to be the weak part of the plate and in the compression
band, as discussed by [2].(a) 
(b)
Fig. 16 Out-of-plane deformed shape for dh/hav = 0.125.
(a) 
(b) 
Fig. 17 Out-of-plane deformed shape for dh/hav = 0.5.
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Fig. 18 Comparison between the ﬁnite element model and the
proposed expression for a= 1.
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Fig. 19 Comparison between the ﬁnite element model and the
proposed expression for a= 1.2.
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under shear load
New expressions for calculating the critical shear load for a
tapered plate including a circular opening placed at the plate
center of the area, are proposed. The proposed expressions
are based on the results that are obtained from the elastic
buckling analysis.
Proposed expression for a= 1
Eqs. (13.1) and (13.2) are proposed to calculate the critical
shear load ratio for a simply supported tapered plate of aspect
ratio a= 1, as follows:
dh
hav
6 0:44 0:29b Vcr;hole
Vcr;shear
¼ 0:6
b0:32
ð13:1Þ
dh
hav
> 0:44 0:29b Vcr;hole
Vcr;shear
¼ 0:80
b0:80
dh
hav
 0:95
 2
þ 0:48bð1 0:81bÞ½  ð13:2ÞThese expressions take into account the tapering ratio and
the opening diameter to average depth ratio. A comparison
between the critical shear load ratio obtained from the elastic
buckling analysis and those calculated by Eqs. (13.1) & (13.2),
are performed to validate the accuracy of the proposed expres-
sions. The comparison is illustrated in Fig. 18. The results
obtained from the elastic buckling analysis are shown by the
solid line, while the results that are calculated by the proposed
expression are plotted in dashed lines. The comparison shows a
good agreement between the results obtained from the elastic
buckling analysis and those calculated by the proposed
expressions. In addition, the results which are obtained from
the proposed expressions are on the conservative side by
average value as 7% less than those obtained from the elastic
buckling analysis.
Proposed expression for a= 1.2
As discussed previously, Eqs. (14.1) and (14.2) are proposed to
calculate the critical shear load ratio for a= 1.2. The compar-
ison between the critical shear load ratio, which is obtained
from the elastic buckling analysis, and those calculated by
the proposed Eqs. (14.1) and (14.2) is in good agreement.
The comparison shown in Fig. 19 illustrates that the calculated
critical shear load ratio is on the conservative side.
dh
hav
6 0:51 0:33b Vcr;hole
Vcr;shear
¼ 0:54
b0:15
ð14:1Þ
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Fig. 20 Comparison between the ﬁnite element model and the
proposed expression for a= 1.5. (solid line for proposed
expression).
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hav
> 0:51 0:33b
Vcr;hole
Vcr;shear
¼ 0:705
b0:7
dh
hav
 0:95
 2
þ ½0:25þ 0:13b
ð14:2ÞProposed expression for a=1.5
Finally, Eqs. (15.1) and (15.2) are proposed for a= 1.5.
According to Fig. 13, the tapering ratio has a slight effect on
the critical shear load ratio. For simpliﬁcation, the tapering
ratio is neglected in these proposed expressions. The
comparison between the results that are obtained from the
elastic buckling analysis and those calculated by the proposed
expressions is on the conservative side, as shown in Fig. 20.
dh
hav
6 0:285 Vcr;hole
Vcr;shear
¼ 0:44 ð15:1Þ
dh
hav
> 0:285
Vcr;hole
Vcr;shear
¼ 0:675 dh
hav
 0:95
 2
þ 0:145 ð15:2ÞConclusions
The elastic buckling of a simply supported tapered plate with
circular opening and subjected to shear loading, has been stud-
ied. Opening diameter, tapered ratio and plate aspect ratio
have considerable inﬂuence on the critical shear load.
Proposed expressions for calculating the critical shear loads
are presented. In addition, expressions for calculating the criti-
cal shear stress of a tapered plate without circular opening,
under pure shear stress are also proposed. The conclusions
from this study can be drawn as follows:
1. The effect of small opening diameters, approximately less
than 30% of the average depth, on the critical shear loads
can be neglected. In addition, the critical shear load ratio
decreases as the opening diameter increases.2. For large aspect ratios (a= 1.5), the variation in tapering
ratio has no signiﬁcant effect on the critical shear load
ratio, when the opening diameter is small. However, for
large opening, the critical shear load ratio decreases slightly
with the tapering ratio.
3. For large opening diameters, there is a great reduction in
the critical shear load ratio.
4. The critical shear load ratio increases when the tapering
ratio increases, for all the studied opening diameters. This
is due to the effect of the vertical component of the shear
stresses that are produced on the inclined side.
5. Higher values of the critical shear load ratio appear when
the plate aspect ratio decreases.
6. The proposed expressions show a good agreement when
compared to the results that are obtained from the ﬁnite
element model.
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